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A metric transform of a semimetric space X is obtained from X by measuring the distances 
by a different (not always proportional) scale. Two semimetric spaces are said to be isomorphic 
if one is isometric to a metric transform of the other. If X is a finite semimetric space, then it 
will be shown that X is isomorphic to a subset of a euclidean space. The dimension of X is 
defined to be the minimum dimension of a euclidean space containing an isomorph of X. In 
this paper we examine scales and dimensions for finite semiraetric spaces, especially, for 
connected graphs and trees as metric spaces. We also count the number of non-isomorphic 
semimetric spaces. 
1. Introduction 
Throughout this paper, a space means a semimetric space, that is, a set 
provided with a distance function d(x, y) satisfying (i) d(x, y)= d(y, x)>I O, and 
(ii) d(x, y) = 0 iff x = y. If a space is isometric to a subset of a euclidean space, 
then the space is said to be euclidean. Of course not every space is euclidean. Let 
F(t) be a continuous monotone increasing function of t >~ 0 with F(0) = 0. Such a 
function will be called simply a scale. Let X be a space. If we replace the distance 
d(x, y) of X by F(d(x, y)) then there arises a new space. According to 
Blumenthal, we call this new space the metric transform of X by F(t) and denote 
it by the symbol F(X). If F(X) is euclidean then the scale F(t) is called a 
euclidean scale of X. 
Euclidean scales of some spaces have been studied with interest. Schoenberg 
[8] proved that euclidean scales of a euclidean -space E n (n >~ 2) are necessarily 
of the form F(t)= ct (c > 0). However, more complicated forms of euclidean 
scales are possible for E 1 [5]. Blumental proved that for every 0 < c ~ ½, the scale 
F(t) = t c is a common euclidean scale for all 4-point metric spaces (see [2, p. 
131]). 
In this paper we only deal with finite spaces. A connected graph form a metric 
space by the natural distance d(x,y), i.e., the length of a shortest path 
connecting x and y in the graph. Thus connected graphs provide a good deal of 
(but a special type of) finite spaces. 
Isometric embeddings of connected graphs into some special graphs (e.g. 
cartesian products of complete graphs, squashed cubes) are well studied in 
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relation to the 'addressing problem' for communications etwork see e.g. [1, 3, 
9, 10]. 
Two finite spaces X, Y are said to be isomorphic if there exists a scale F such 
that F(X) is isometric to Y. Clearly, isomorphism is an equivalence relation, and 
for connected graphs, isomorphism as graphs and isomorphism as spaces are of 
course the same concept. 
It will be shown in Section 2 that every finite space is isomorphic to a subspace 
of a euclidean space. So we can define the dimension of a finite space of X, 
dim(X), as the minimum dimension of a euclidean space that contains an 
isomorph of X. If dim(X) = Ixl - 1, then X is said to be irreducible. Irreducible 
spaces are characterized as the spaces whose metric transforms are always 
euclidean. Sections 4, 5, 6 are devoted to the study of euclidean scales and 
dimensions for trees. We give a family of euclidean scales common to all trees of 
a fixed maximum degree. We also determine an extremal type of euclidean scales 
common to all trees of a fixed maximum degree. The dimension of a tree T is 
estimated in terms of the number of the endpoints of T and the number of the 
points having maximum degree. In the last section we count the number of 
nonisomorphic finite spaces. 
2. Some basic results 
Let X be a finite space with distance function d(x, y), and let Xo, x l , . . . ,  x,, be 
an ordering of the points of X. For 1 <~ i, j ~ n let 
g, = ½[d(x0, x,) 2 + d(Xo, xj) - d(x,. xj)2]. 
We call the n x n matrix (gij) the Gramian matrix of X with respect to the 
ordering. Note that ff X is a subset of the euclidean n-space, then [det(gi/)]½ 
equals the volume of the paraUelotope spanned by the vectors XoX~, i = 1 , . . . ,  n. 
Whether a Gramian matrix of a finite space X is positive semidefinite or not, is 
independent of the ordering of the points of X. 
When a finite space X is isometric to a subset of a euclidean space, the 
dimension of the flat spanned by the subset is called the isometric dimension of X, 
and denoted by idim(X). If X is not euclidean then we define idim(X) = oo. 
We will use the symbol I I in to different meanings: For a set X, IxI means the 
cardinality of X. For a point x of a euclidean space, Ix l means the euclidean orm 
of x. 
Theorem 1 (Schoenberg [7]). A finite space X is euclidean if and only if a 
Gramian matrix G of X is positive semidefinite. Furthermore, idim(X) = IXI - 1 if 
and only if G is positive definite. [] 
Example. Let K(2, 3) be the complete bipartite graph with vertex classes 
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{Xo, xl},. {x2, x3, x4}. Then 
(K(2, 3))½ is 
ii 2 2 i] o
0 2 
0 0 
the Gramian matrix G of the metric transform 
Since det G < 0, (K(2, 3))½ is not euclidean. 
Theorem 2. Every finite space X has euclidean scales. 
Proof. Let F(t) = ct/(1 + ct), c > 0. If we write a Gramian matrix G of F(X) as 
G = ½I + (%), where I is the identity matrix, then a o tends to ½ as c tends to 
infinity. Hence if c is sufficiently large, then G is positive definite and hence F(X) 
is euclidean. [] 
Theorem 3. Let F(t) and G(t) be two euclidean scales of a space X. Then the scale 
cF(t), c > O, and the scale [F(t) 2 + G(t)2]~ are also euclidean scales of X. 
Proof. Clearly cF(t) is a euclidean scale of X. Since F(X)  and G(X) are 
euclidean, we may regard them as subsets of E 2N= E N × E N such that F(X) = 
E N x {0} and G(X) = {0} × E N. For each point x of X, let f (x)  and g(x) denote 
the corresponding points in F(X) and in G(X), respectively. Let h(x)= 
(f(x), g(x)) eE  N x E N. Then 
Ih(x) - h (y ) l  2= Lf(x) - f (y ) l  2 + I g (x )  - g(y) l  2 
= F(d(x, y))2 + G(d(x, y)y. 
Hence {h(x): x e X} is isometric to the metric transform of X by the scale 
2 1 IF(t) 2 + G(t) ]'. [] 
Though all *point metric spaces have common euclidean scales (Blumenthal 
[2, p. 113]), it seems unknown whether all 5-point metric spaces have any 
common euclidean scale. If discontinuous monotone increasing functions are 
allowed as scales, then all n-point spaces have a common euclidean scale of the 
form F(t)=c([t]  + t)/[1 +c([t]  +t)] with c large. As for a scale of connected 
graphs, only the values at nonnegative integers are relevant. So we may regard a 
scale of connected graphs as a monotone increasing function defined on the 
non-negative integers. Hence we have the following theorem. 
Theorem 4. All connected graphs of fixed order have common euclidean 
scales• [] 
Now there arises a question: Is there any common euclidean scale for all 
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connected graphs? The answer is no. However, all trees have common euclidean 
scales. 
Theorem 5. For any scale F(t), there is an n > 0 such that the metric transform 
F(K(n, n)) of K(n, n) is not euclidean. 
Proof. Let a = F(1) e, b = F(2) e, and let G be a Gramian matrix of F(K(n, n)). 
Then after some calculations, we get 
det G = 22-2"nbe"-e[na - (n + 1)b]. 
Hence, if n>l / (1 -a /b ) ,  then detG<0 and hence F(K(n,n))  is not 
euclidean. [] 
Theorem 6. For every tree T, the metric transform (T)½ is euclidean. 
Proof. Let T be a tree with points Xo, x l , . . . ,  xn. For each Xk, there is a unique 
path Pk from Xo to Xk. Let Pk = (Sl, •. •, S,,) in E ~, where si = 1 if xi appears in Pk 
and si = 0 otherwise. Then the subset {Po, Pl, • • •, Pn} of E ~ is clearly isomorphic 
to(T)½. [] 
3. Irreducible spaces 
The dimension of a space X, dim(X), is the minimum value of idim(F(X)) for 
all metric transforms F(X) of X. A space X is said to be reducible if 
dim(X) < [X I -1 ,  otherwise it is said to be irreducible. We characterize here 
irreducible spaces. It is not difficult to see that a 3-point space (briefly, a triple) 
{x, y, z} is reducible if and only if in the three distances d(x, y), d(y, z), d(z, x), 
some is greater than the other two. The diameter of a space X is denoted by 
diam(X). 
Lemma 1. 
X can be 
diam(U) < 
Let X be a space having no reducible triple, with IX[ > 1. Then the set 
partitioned into two disjoint nonempty sets U and V such that 
diam(X) and d(u, v) = diam(X) for all u of U and v of V. 
Proof. Let D -- diam(X) and d(x, y) = D (x, y in X). Let 
U = {u in X: d(u, x) < D} and V=X-U.  
Then clearly U and V are nonempty, and d(x, v) = D for all v in V. Let u be any 
point in U different from x. If d(u, v )< D, then since d(x, u )< D, the triple 
{u, x, v} is reducible, a contradiction. Thus d(u, v) = D. [] 
Lemma 2. Let X be a finite subset of a euclidean space having no reducible triple. 
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Then (1) idim(X) = I x l -  1, and (2) all points of X lie on the surface of a sphere 
whose center is in the convex hull of X. 
Proof. First note that a sphere in the statement (2) is unique, and is the 
'circumsphere' of X. We prove the lemma by induction on [X I. If Ixl ~< 3, the 
lemma is clearly true. Suppose the lemma holds for IXI < n (n > 3), and consider 
the case ]XI = n. Let D = diam(X) and partition X into U and V as in Lemma 1. 
Then by the inductive hypothesis, idim(U)= Iu I -  1 and idim(V)= I v I -  1. Let 
R(U) and R(V) be the radii of the circumspheres of U and V, respectively. If the 
flat L(U) spanned by U and the flat L(V) spanned by V have a common point y, 
then, since l u - v I = D for all u of U and v of V, the point y must be the common 
center of both the circumspheres of U and V, and further D 2 = R(U) 2 + R(V) 2. If 
I vl > 1, then, since y is contained in the convex hull of U, there is a pair of points 
u,u' in U such that lu-u'12>2R(Uy. Similarly, ff IV I>I ,  then Iv -v '12> 
2R(V) 2, for some v, v' of V. Hence max( lu  - u'l 2, Iv - v' l  2} > R(U) 2 + R(V) 2 = 
D 2. This contradicts that D is the diameter of X. Thus L(U) and L(V) are 
disjoint and L(U) is contained in a flat which perpendicularly intersects with 
L(V) at a point. Hence idim(X) = idim(U) + idim(V) + 1 = Ivl - 1 + Iv I -  1 + 
1 = Ix l -  1. This proves (1). 
Now we show (2). Let x, y be the centers of the circumspheres of U and V, 
respectively. Then the line xy is perpendicular to both L(U) and L(V), and 
D ~= R(V) ~ + Ix -y l  2 + R(V) ~. If R (Uy  + Ix -y l~  < R(V) ~, then for some v, v' 
of V, Iv - v'l 2 > 2R(V) 2 > D 2, a contradiction. Hence R(U) 2 + Ix - yl ~ > R(v )  ~ 
Similarly, R(V) 2 + Ix - y]2 > R(U)2. Therefore, applying the intermediate value 
theorem, it follows that there is a point z on the line segment xy such that 
R(Uy+lx-z l2=lz -y l2+R(Vy.  Thus all points of X lie on a sphere with 
center z. Since z is contained in the convex hull of U 13 V = X, this proves 
(2). [] 
Theorem 7. For a space X, the following three are equivalent: 
(1) X is irreducible; 
(2) Every metric transform on X is euclidean; 
(3) X has no reducible triple. 
Proof. (1)--* (2). Suppose there is a scale G(t) such that G(X) is not euclidean. 
Take a euclidean scale F(T) of X. Then for every 0~<s ~< 1, Hs(t)=sG(t)+ 
(1 - s )F ( t )  is also a scale. Let G(s) be a Gramian matrix of the metric transform 
Hs(X). Since H0(X)=F(X) is euclidean and idim(F(X))=lXI-1. G(O) is 
positive definite by Theorem 1. On the other hand, since Hi(X)= G(X) is not 
euclidean, G(1) is not positive semidefmite. Since the determinant of G(s) is 
continuous in s, there is a c, 0 < c < 1, such that G(c) is positive semidefinite and 
det G(c) = 0. Then idim(Hc(X)) ~< [XI - 2, a contradiction. 
(2)---* (3). Suppose X contains a reducible triple {x, y, z} such that d(x, y) < 
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d(y, z) and d(x, z )<d(y ,  z). Let F(t) be a scale which increase very rapidly at 
the neighborhood of t = d(y, z) so that F(d(y, z)) > F(d(x, y)) + F(d(x, z)). 
Then dearly F(X) is not euclidean, a contradiction. 
(3 )~ (1). This follows from Lemma 2. [] 
4. Euclidean scales for stars 
Hereafter the complete bipartite graph K(1, k) is called the star of degree k, 
and denoted by Sk. For a scale F(t), whether the metric transform F(Sk) is 
euclidean or not, is easily determined by the value of F(2)/F(1). Let us call 
F(2)/F(1) the rate of the scale F and denote by r(F). 
Theorem 8. F(Sk) is euclidean if and only if 1 < r(F) <~ [2k/(k - 1)]½. Further, if 
r(F) = [2k/(k - 1)]½, then F(Sk) is isometric to the point set in a euclidean space 
consisting of  the k vertices and the barycenter of a regular (k - 1)-simplex. 
Proof. Let r = r(F). In the euclidean space E k, take a regular (k - 1)-simplex of 
side length r, and let y~, . . . ,  Yk be its vertices, z be its barycenter. Then, by 
elementary analytic geometry, it follows easily that Iz-Yil = r [ (k -  1)/(2k)]½. 
Thus r[(k - 1)/(2k)]½ <~ 1 is necessary and sufficient for the existence of a point Y0 
in the euclidean space such that [Yo- Yil = 1 for i = 1 , . . . ,  k. The lemma follows 
now easily. [] 
Corollary. A scale F(t) is a euclidean scale common to all stars if and only if 
r(F) <~ 2½. [] 
The following lemma should be also dear. 
Lemma 3. 
! - 1 if r(F) = [2k/(k - 1)]½, 
idim(F(Sk)) = /f 1 < r(F) < [2k/(k - 1)]½, 
if r(F) > [2k/(k - 1)]½. [] 
Now we are going to define a scale of rate r for the later use. A polygonal line 
P = XoXlX2.. • xn in a euclidean space is called a canonical n-path of  rate r if the 
following two conditions hold: 
(C1) Each line segment of P has unit length and Ixi-xi+E[=r for i=  
0, 1 , . . . ,  n -2 .  
(C2) The perpendicular f om xi+l to the line Xi_lXi is also a perpendicular to the 
fiat spanned by Xo, x l , . . . ,  xi. 
Note that any two canonical n-paths of the same rate are congruent o each other. 
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Lemma 4. For any 1 < r <~ 2 and n >>- O, let G(n) be the euclidean distance between 
the two end points of a canonical n-path of rate r. Then 
G(0) =0, G(n + 1) 2= 1 + ½r2n + (½r 2-  l)G(n) 2 for n >10, (*) 
and G(n) is monotone increasing. 
Proof. Clearly G(0)=0 and G(1)=I. For m>~l, let XoXI"''Xm+I be a 
canonical (m + 1)-path of rate r. Let Y0 and Ym+1 be the feet of the perpendiculars 
from Xo and Xm+~ to the line Xm-~Xm, respectively. Then the line Xm+lYm+~ is 
perpendicular to the plane spanned by Xo, Yo, Xm. Hence 
Gfm + 1) 2= IXo- Yol 2 + lYo- Ym+d 2 + ]Ym+  - Xm+d 2. 
Let A be the angle XoX,,,-IX,n and B be the angle X,n-~X,,,X,,,+~. Then 
G(m + 1)2 = (G(m - 1)sin A)2 + (1 - G(m - 1 )cos A - cos B)2 + (sin B)2 
= G(m - 1) 2 + 2 - 2G(m - 1)cos A(1 - cos B) - 2 cos B. 
Since cosA = (G(m - 1) 2 + 12 - G(m)2)/(2G(m - 1)) and cos B = ½(2- r2), we 
have 
G(m + 1) 2 -  G(m) 2= ½r 2 + (½r 2 -  1)(G(m) 2 -  G(m - 1)2). (**) 
Summing up these equalities for m = 1 , . . . ,  n we have the recurrence relation of 
(*). Finally we show that G(n) is monotone increasing. If ½r2~ > 1, then by 
induction on n, it follows easily from (**) that G(n + 1) 2 -  G(n)2>0.  Now 
suppose ½r 2 < 1. By induction on n we show that 0 < G(n + 1) 2 -  G(n)2< 1. If 
n = 1, then this is clear. Suppose 0 < G(n) 2 - G(n - 1) 2 < 1. Then since 
1 > ½r 2 > ½r 2 4- (½r 2 -- l ) (G(n)2 _ G(n - 1)2) > ½r 2 + (½r 2 _ 1) = r 2 - 1 > O, 
it follows that 1 > G(n 4- 1) 2 - G(n) 2 > O. [] 
The scale satisfying (*) of the above lemma is called the canonical scale of rate 
r, and denoted by F,(n). 
5. Euclidean scales/or frees 
We saw that F(t)= t½ is a common euclidean scale for all trees. Besides this 
scale, there are many other common euclidean scales for all trees. A tree is called 
a k-tree if it has no point of degree >k. We determine here, among euclidean 
scales common to all k-trees, the ones having the maximum rate. 
Let T be a tree of order/>3 and let k ~ 2. Take an endpoint u of T and let v be 
its unique neighbor. By the grafting of the star Sk on T at u, we mean the tree 
obtained from the disjoint union of T and the star Sk by identifying u with the 
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center of the star and v with an endpoint of the star. The resulting tree is denoted 
by T # uSk, or simply, by T # Sk or Sk # T. 
Lemma 5. I f  F,(T) and F~(Sk) are euclidean, then so is F,(T # Sk). 
Proof. We regard F,(T) and F~(Sk) as subsets of a large dimensional euclidean 
space E N, and we connect each pair of points in the respective subsets by line 
segment whenever they are unit distance apart. The resulting eometric graph are 
referred to as the tree and the star. Let xl, • • •, Xk be the endpoints and y be the 
center, of the star. Let u be an endpoint of the tree and v be its unique neighbor. 
Move whole the star in E N so that xl coincides with v and y coincides with u, and 
then rotate the star around the line uv so that the fiat spanned by the star and the 
fiat spanned by the tree intersect perpendicularly in the line uv. This is possible 
since the dimension N is large. Then there results a geometric tree. Note that any 
path in this geometric tree is congruent to a canonical path of rate r. Hence the 
vertex set of this geometric tree is isometric to Fr(T # Sk). [] 
Since every k-tree is obtained from a star Sin, m <~ k by grafting some stars of 
degree ~<k one after another, we have the following theorem. 
Theorem 9. For l <r<~[2k/(k - 1)]~ and c>0,  cF,(n) are euclidean scales 
common to all k-trees. [] 
Corollary. Fr(n), 1 < r <~ 2½, are euclidean scales common to all trees. [] 
Note that Theorem 9 does not present all euclidean scales common to all 
k-trees (k > 2). For example, the scale G(n) = [Fa(n) 2 + Fb(n)2]½ (a = 2½, b = 3½) is 
a euclidean scale common to all 3-trees by Theorems 3 and 9. However, 
G(n)/G(1) does not satisfy (,) of Lemma 4, as easily checked. Hence G(n) is 
different from any scale of Theorem 9. 
Theorem 10. Let F(n) be a euclidean scale common to all k-trees and having the 
rate r = [2kl(k - 1)]½. Then F(n) = F(1)F,(n), for all n >>-0. 
Proof. We may consider only the case F(1)= 1. We show F(n) -  F,(n) for all 
integer n ~- 0 by induction on n. Suppose F(m) = F,(m) for m < n, n > 2, and let 
T be the maximum k-tree of diameter n - 1. Let u be an endpoint of T and v be 
its unique neighbor. Let T' = T# .,Sk and let Xe, • • •, Xk be the new endpoints of 
T' adjacent to u. Since F(T ' )  is euclidean we regard it as a subset of a euclidean 
space. Since F(2) = r, u must be the barycenter of the regular k-simplex spanned 
by v, x2, x3 , . . .  ,Xk, by Theorem 8. Hence the line uv passes through the 
barycenter of the (k - 2)-face x2" • • Xk of the simplex. Now observe that for any 
point w of F(T)  ~ F (T  # Sk) = F(T') ,  [w - x21 = I w - x3[ =""  = Iw - Xk[. Hence 
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the fiat spanned by x2 , . . . ,  Xk is orthogonal to the flat spanned by F(T). 
Therefore the flat spanned by F(Sk) and the flat spanned by F(T) intersect 
perpendicularly in the line uv. Hence F(T') is congruent o F,(T'). Since the 
diameter of T' is n, we must have F(n) = F,(n). [] 
Here we state a lemma whose proof would be clear from the argument of the 
above proof. 
Lamina 6. Let T be a k-tree and F be a euclidean scale of T. Then 
idim(F(T # Sin))>>-idim(F(T)) + m - 2. 
Further, if r(F) = [2k/(k - 1)]½. Then 
idim(F(T #Sm))=idim(F(T)) + idim(F(Sm))- 1 for m <~k. [] 
6. Dimensions of trees 
A saturated point of a tree T is a point with maximum degree. We denote by 
end(T) the number of the endpoints of T, and by sat(T) the number of the 
saturated points of T. A k-tree is called a proper k-tree if it contains a point of 
degree k. 
Lemma 7. Let k >>-2 and r = [2k / (k -  1)]½. Then for any proper k-tree T, 
idim(F,(T)) = IYl - sat (T) -  1, 
Proof. If T = St, then the lamina is dear. Suppose the lamina is true for every 
proper k-tree T of order < n, n > k + 1. Then by Lemmas 6 and 3, 
idim(F,(T #Sk))= IYl-sat(T)- 1 + k -  1 -  1 
= lT  # Sk[ -- sa t (T  # Sk) -- l .  
and for m < k, 
i d im(F , (T  # S . ) )  = Irl - sa t (T )  - 1 + m - 1 
= It # s . I -  sat(r # Sin)-- 1. 
Since any proper k-tree of order n > k is obtained from a proper k-tree of order 
<n by grafting a star on it, the lemma follows. [] 
~l~eorem 11. For any tree of order >2, 
end(T) -  1 ~ dim(T) ~< Irl - sat (T) -  1. 
Proof. Let k be the maximum degree of T and let r = [2k l (k -  1)]½. Since 
dim(T) ~ idim(F,(T)), dim(T) ~< IT I -  sat(T) - 1 by Lemma 7. Now we show 
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end(T) -  1--<dim(T) by induction on ITI. I f  ITI = 3, then this is clear. Suppose 
end(T)  - 1 ~< dim(T) for 3 6 ITI-< n and consider the case ITI = n + 1. If T is the 
star S,, then clearly d im(T)= n -  1 =end(T) -  1. Hence we assume T*Sn .  
Then T = T'  #Sm for some tree T' of order ~<n, and a star Sin. Let F be any 
eucl idean scale of T = T'  # Sm, then by Lemma 6, we have 
id im(F(T))  >~ id im(F(T ' ) )  + m - 2 i> d im(T ' )  + m - 2 
I> end(T ' )  - 1 + m - 2. 
Since end(T)  = end(T ' )  - 1 + m - 1 = end(T ' )  + m - 2, we have idim(T) 1> 
end(T)  - 1, for any euclidean scale F of T. Hence dim(T)/> end(T)  - 1. [] 
Example.  Let ,T  be the tree shaped like the letter E. Then it is not difficult to see 
that d im(T)  = 3. In this case end(T)  - 1 = 2 and ITI - sat(T) - 1 = 6 - 1 - 1 = 4. 
A tree is called a saturated tree if each point is either an endpoint or a saturated 
point.  
Theorem 12. dim(T) = end(T)  - 1 / f  and only i f  T is saturated. 
Proof .  If T is saturated then end( T)  + sat( T)  = l T[, so end(T) - l= lT I -  
sa t (T ) -  1. Hence d im(T)= end(T) -  1 by Theorem 11. Now we prove the 
converse by induction on IT l -end(T) .  Suppose from now on d im(T)= 
end(T)  - 1. First we consider the case I TI - end(T)  = 2. In this case T = Sk #Sm 
for some k >i m. Let F be a euclidean scale of T such that d im(T)= idim(F(T)).  
If r (F)  < s := [2k/(k - 1)]½, then by Lemmas 6 and 3, 
i d im(F(T ) )~ id im(F(Sk) )  + m - 2 = k + m - 2> k + m - 3 
= end(T)  - 1. 
Hence r (F)  must equal s. Then,  again by Lemmas 6 and  3, 
k + m - 3 = end(T)  - 1 = id im(F(T))  = idim(F(Sk)) + idim(F(Sm)) - 1 
=~k+m-2 i fm<k,  
tk+k-3  i fm=k.  
Hence k = m,  and hence T is saturated. Assume that T is saturated for 
Irl- end(T) < n (n > 2). Now we consider the case ITl- cad(T) = n. In this case 
we can write T = Sk # T' # Sm, where Sk and Sm are edge disjoint in T. Let F be a 
euclidean scale of T such that dim(T)= idim(F(T)). Then 
end(Sk # T ' ) -  1 + m - 2 = end(T) -  1 =d im(T)= id im(F(T) )  
>~ idim(F(Sk # T ' ) )  + m - 2 
>I dim(Sk # T')  + m - 2 
t> end(Sk # T' )  - 1 + m - 2. 
Metric transforms of  finite spaces and connected graphs 245 
Hence dim(& # T') = end(& # T') - 1. Since ISk # T'I - end(& # T') < n, Sk # 
T' is saturated by inductive assumption. Similarly, T '# Sm is saturated. There- 
fore T = Sk # T' # Sm is saturated. [] 
7. The number of nonisomorphic spaces 
All permutations of the vertex set of the complete graph K~ form the 
symmetric group Sn. This group induces naturally a permutation group S~ 2) of the 
edge set E(K,), which is called the pair group of S,, (see [4]). The cycle index of 
S~ 2) is denoted by Z(S~2)). Let f(n) be the number of nonisomorphic spaces of 
order n. 
Theorem 13. 
f(~) = ~: ~: (-1) j+k z(s~ 2), J). 
k=l j= 0 k l /  
Proof. For a finite space X, the set Dx = {d(x, y): x Cy} is called the distance 
set of X and }Dxl is called the complexity of X. For example, a graph of diameter 
k has the distance set {1, 2 , . . . ,  k} and complexity k. Let f(n, k) be the number 
of nonisomorphic spaces of order n and complexity k. For every isomorphism 
class of finite spaces of order n and complexity k, it is possible to choose a 
representative having the point set {1, 2 , . . . ,  n} and the distance set 
{1, 2 , . . . ,  k}. Such a representative is expressed by an onto map q0 from E(Kn) 
to {1, 2 , . . . ,  k}. Two representatives are isomorphic if and only if the 
corresponding onto maps, say % ap are equivalent under S~ 2), that is, there is a o 
of S~ 2) such that q0(o(e))= ~p(e) for all e of E(Kn). Thus, f(n, k) equals the 
number of equivalence classes of all onto maps from E(Kn) to {1, 2 , . . . ,  k}. Let 
g(n, k) be the number of equivalence classes of all (not necessarily onto) maps 
from E(Kn) to {1, 2 , . . . ,  k}. Then g(n, k) is the sum of the numbers of the 
equivalence classes of onto maps E(K~)---> U, for all nonempty subsets U of 
{1, 2 , . . . ,  k}. Hence 
g(n, k) = ~, (n, j) (f(n, O):= 0). 
j=0 
On the other hand, by P61ya's theorem we have g(n, k) = Z(S(,, 2), k). Hence 
z(sf~, k)= ~, (n, j). 
j=O 
Here we use the following inverse relation [6, p. 49]. 
(:) ak = bi ~-> bk = ( -1)  j+k aj. 
j=O "ffi 
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Applying this relation we have 
f(n, k)= ~ (-1) j+k Z(S~ 2), j), 
j--O 
and hence 
f (n )  "-" ~ ~_~ ( - ly  +k Z(S(n 2), ]). [] 
k=l j=O 
Table 1. The number of nonisomorphic spaces of order n ~< 8 
n f(n) 
2 1 
3 4 
4 225 
5 856, 608 
6 319, 872, 163, 585 
7 16, 096, 217, 596, 356, 372, 660 
8 156, 189, 537, 129, 127, 582, 748, 089, 210, 443 
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